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Abstract
The present work is inspired to execute the A4 modular symmetry in linear seesaw framework
by limiting the use of multiple flavon fields. Linear seesaw is acknowledged by extending the
Standard Model particle spectrum with six heavy fermions and a singlet scalar. The non-trivial
transformation of Yukawa coupling under the A4 modular symmetry helps to explore the neutrino
phenomenology with a specific flavor structure of the mass matrix. We discuss the neutrino mixing
and obtain the reactor mixing angle and CP violating phase compatible with the observed 3σ region
of current oscillation data. Apart, we also collectively investigate the nonzero CP asymmetry from
the decay of lightest heavy fermions to explain the preferred phenomena of baryogenesis through
leptogenesis.
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I. INTRODUCTION
Standard Model (SM) could not triumph in expressing the fact about neutrinos, i.e. they
are not exactly massless, but posses tiny but non-zero masses [1–3]. This is also supported
by other experiments [4–7] so performed. To put it differently, experiments based on neu-
trino oscillations, provide compelling evidence for the mixing [8–11] of neutrinos and atleast
two of them have non-zero masses [12]. It is well evident from theory and experiments that
neutrinos don’t have right-handed (RH) counterparts in the SM, which makes them unfavor-
able to have Dirac mass, like other charged fermions, nonetheless, dimension-five operator
[13–15] is useful in providing them masses. However, to its surprise the origin and flavour
structure of this operator is under arguable terms. As a result, exploring scenarios beyond
the standard model (BSM) [16] become crucial in generating non-zero masses for neutrinos.
There exists numerous models in the literature to explain the observed data from various
neutrino oscillation experiments along with the lightness of the neutrino masses featuring
for example, the most popular seesaw mechanism [17–19], radiative mass generation [20, 21],
extra-dimensions [22], etc. A prevalent feature of many BSM scenarios, which elucidate the
generation of non-zero neutrino masses, is the existence of sterile neutrinos, which are SM
gauge singlets, generally considered as right-handed neutrinos, couple to the standard ac-
tive neutrinos through Yukawa interactions. A priori, their masses and interaction strengths
can span over many orders of magnitude, which thus leads to a wide variety of observable
phenomena. For example, in the canonical seesaw framework, to explain the eV-scale light
neutrinos, the RH neutrino mass is supposed to be of the order of 1015 GeV, which is ob-
viously beyond the reach of current as well as future experiments. However, its low scale
variants like inverse seesaw [23–25] linear seesaw [26], extended seesaw [27], etc., where the
heavy neutrino mass can be in the TeV range, which makes them experimentally verifiable.
On the other hand, the non-abelian discrete flavor symmetry group A4 provides a possible
underlying symmetry for the neutrino mass matrix [28], which however yields a vanishing
reactor mixing angle θ13. Nonetheless, it has still been widely used to describe the neutrino
mixing phenomenology with inclusion of simple perturbation by introducing extra flavon
fields, which are SM singlets but transform non-trivially under the flavor symmetry group,
leading to nonzero reactor mixing angle. Thus, the flavons become an important aspect in
realizing the observed pattern in neutrino mixing due to particular vacuum alignment they
acquire, which play a crucial role in spontaneous breaking of the discrete flavor symmetry
[29]. Typically, flavons, in quite a number are necessary to realize certain phenomenological
aspects under the framework of such flavor symmetry. However, there are additional draw-
backs to this approach, where higher dimensional operators can ruin the predictability of the
discrete flavor symmetry. Furthermore, the usual use of flavor symmetry is to constrain the
mixing angles while neutrino masses remain undetermined except in few scenarios. These
drawbacks are eliminated by making a modular invariance approach [30].
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Present, proposition of modular flavor symmetries has been done by [3, 30, 31] to bring
predictable flavor structures into limelight. Some of the effective models of modular sym-
metry that have recently been published [32–35], does not make use of the flavon fields
apart from the modulus τ , and hence, the flavor symmetry is broken when this complex
modulus τ acquires VEV. The usage of confusing vacuum alignment is avoided, the only
need is a mechanism which can fix the modulus τ . As a result, this framework transforms
Yukawa couplings, where these couplings are function of modular forms, which indeed are
holomorphic function of τ . To put it differently, these couplings transpires under a non-
trivial representation of a non-Abelian discrete flavor symmetry approach, such that it can
compensate the use of flavon fields, which indeed are not required or minimized in realising
the flavor structure. In above context, after going through myriad texts, it was compre-
hended that there are many groups available i.e., basis defined under modular group of A4
[31, 36–40], S4 [41–44], A5 [45, 46], larger groups [47], various other modular symmetries
and double covering of A4 [48–50], prediction of masses, mixing, and CP phases peculiar to
quarks and/or leptons are done.
It is worth realizing that neutrino mass models which are based on modular invariance
could involve only few coupling strengths so that neutrino masses and mixing parameters
are correlated. However, there is an extension of above formalism to combine it with the
generalized CP symmetry [38, 51–55]. As we know that, S and T representation are sym-
metric, so the modular form multiplets, if normalized aptly, acquire complex conjugation
under CP transformation. As a result, all the couplings get constrained due to generalized
CP symmetry in a modular invariant model to be real [52], hence, the model prediction
power gets meliorated. To implement the aforesaid, it is very intriguing to see the applica-
tion of modular symmetry in establishing a model for neutrino mass generation as it would
envisage for the signals of new physics through the observables in neutrino sector [56].
In this paper, we intend to examine the benefits of A4 modular symmetry by applying
it to linear seesaw mechanism. The linear seesaw mechanism requires three left-handed
neutral fermions SLi in addition to three-right handed ones NRi (i = 1, 2, 3) and produces a
neutrino mass matrix which is intricate enough, and has been studied in the context of A4
symmetry in [57–59]. Furthermore, SLi & NRi are assigned as triplets under A4 symmetry
and Yukawa couplings are expressed in terms of modular form by which the neutrino mass
matrix attains a constrained structure. Consequently, numerical analysis is performed to
scan for free parameters in the model and look for the region which can fit neutrino data.
After fixing for the allowed parameters, neutrino sector observables are predicted.
Structure of this paper is as follows. In Sec. II we outline the well known linear seesaw
mechanism with discrete A4-modular flavor symmetry and its appealing feature resulting
in simple mass structure for the charged leptons and neutral leptons including light active
neutrinos and other two types of sterile neutrinos. We then provide a discussion for the light
neutrino masses and mixing in this framework. In Sec. III numerical correlational study
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between observables of neutrino sector and model input parameters is established. We also
present a brief discussion of the non-unitarity effect. Leptogenesis in the context of the
present model is discussed in Sec. IV and in Sec. V, we conclude our results.
II. MODEL FRAMEWORK
This model represents the simplistic scenario of linear seesaw, where the particle content
and group charges are provided in Table I. We prefer to extend the SM with discrete A4
modular symmetry to explore the neutrino phenomenology and a global U(1)X symmetry is
imposed to forbid certain unwanted terms in the Lagrangian. The SM particle spectrum is
enriched with three extra right-handed SM singlet fermions (NRi), three left handed singlet
fermions (SLi) and one flavon field (ρ). The extra fermions of the model transform as triplet
under the A4 modular group. The A4 and U(1)X symmetries are considered to be broken
at a scale much higher than the electroweak symmetry breaking [60] by SM Higgs (H).
The extra singlet fermions acquire masses by assigning non-zero vacuum expectation value
(VEV) to the singlet flavon. The modular weight is assigned to all the particles and denoted
as kI . The importance of A4 modular symmetry is the requirement of less number of flavon
fields unlike the usual A4 group, since the Yukawa couplings have the non-trivial group
transformation. Assignment of group charge and modular weight to the Yukawa coupling is
provided in Table II.
Fermions Scalars
eR µR τR LL NR SL H ρ
SU(2)L 1 1 1 2 1 1 2 1
U(1)Y −1 −1 −1 −12 0 0 12 0
U(1)X 1 1 1 1 1 2 0 1
A4 1 1
′ 1′′ 1, 1′′, 1′ 3 3 1 1
kI 1 1 1 1 −1 1 0 0
TABLE I: Particle content of the model and their charges under SU(2)L × U(1)Y × A4 where kI
is the number of modular weight.
The scalar potential in the present framework is given by
V = µH(H
†H) + λH(H†H)2 + µρ(ρ†ρ) + λρ(ρ†ρ)2 + λHρ(H†H)(ρ†ρ). (1)
4
Yukawa coupling A4 kI
Y 3 2
TABLE II: Modular weight of the Yukawa coupling and its transformation under A4 symmetry.
The scalars responsible for these subsequent breaking follow the VEV structures as following
〈H〉 = v√
2
(
0
1
)
, 〈ρ〉 = vρ√
2
. (2)
A. Dirac mass term for charged leptons (M`)
In order to have a simplified structure for charged leptons mass matrix, we consider the
three generations of left-handed doublets (LeL , LµL , LτL) transform as 1, 1
′′, 1′ respectively
under the A4 symmetry. They are assigned a U(1)X charge of 1 for each generation. The
right-handed charge leptons follow a transformation of 1, 1′, 1′′ under A4 and singlets in
U(1)X symmetries respectively. All of them are assigned with a modular weight of 1. Here,
the SM Higgs doublet H transforms as singlet under the additional groups with zero modular
weight. The relevant interaction Lagrangian term for charged leptons is given by
LM` = yee` LeLHeR + yµµ` LµLHµR + yττ` LτLHτR + H.c.. (3)
After the spontaneous symmetry breaking, the charged lepton mass matrix is found to be
diagonal and the couplings can be adjusted to achieve the observed charged lepton masses.
The mass matrix takes the form
M` =
yee` v/
√
2 0 0
0 yµµ` v/
√
2 0
0 0 yττ` v/
√
2
 =
me 0 00 mµ 0
0 0 mτ
 . (4)
Here, me, mµ and mτ are the observed charged lepton masses.
B. Dirac and pseudo-Dirac mass terms for the small neutrinos
Along with the transformation of SM lepton doublets, mentioned previously, the right-
handed neutrinos are triplet 3 under A4 modular group with a U(1)X charge of 1 and modular
weight −1. Since, with these charges we can not write an usual Dirac term, we introduce the
Yukawa coupling to transform non-trivially under the A4 modular group (triplets) and as-
signed with modular weight of 2, which is represented in Table II. We use the modular forms
of the coupling as Y (τ) = (y1(τ), y2(τ), y3(τ)), which can be written in terms of Dedekind
eta-function η(τ) and its derivative [30], expressed in Eq. (52) (Appendix). Therefore, the
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invariant Dirac interaction Lagrangian, involves the active and right-handed neutrinos can
be written as
LD = αDLeLH˜(Y NR)1 + βDLµLH˜(Y NR)1′ + γDLτLH˜(Y NR)1′′ + H.c., (5)
here, the subscript for the operator Y NR indicates A4 representation constructed by the
product and {αD, βD, γD} are free parameters. The resulting Dirac neutrino mass matrix is
found to be
MD =
v√
2
 αD 0 00 βD 0
0 0 γD

 y1 y3 y2y2 y1 y3
y3 y2 y1

LR
. (6)
Since we have the extra sterile fermion SL transform similarly as NR under A4 modular
symmetry. This allows a pseudo-Dirac term for the small neutrinos and the interaction
Lagrangian is as following
LLS =
[
α′DLeLH˜(Y S
c
L)1 + β
′
DLµLH˜(Y S
c
L)1′ + γ
′
DLτLH˜(Y S
c
L)1′′
] ρ3
Λ3
+ H.c., (7)
where, the subscript for the operator Y SL indicates A4 representation constructed by the
product and α′D, β
′
D, γ
′
D} are free parameters. The flavor structure for the pseudo-Dirac
neutrino mass matrix takes the form,
MLS =
v√
2
(
vρ√
2Λ
)3  α′D 0 00 β′D 0
0 0 γ′D

 y1 y3 y2y2 y1 y3
y3 y2 y1

LR
. (8)
C. Mixing between the heavy fermions NR and SL
Following the transformation of the heavy fermions under the imposed symmetries, we
found the usual Majorana mass terms are not allowed. But one can have the interactions
lead to the mixing between these additional leptons as follows
LMRS = [αNSY (SLNR)symm + βNSY (SLNR)Anti−symm]ρ+ H.c.
= αNS[y1(2S¯L1NR1 − S¯L2NR3 − S¯L3NR2) + y2(2S¯L2NR2 − S¯L1NR3 − S¯L3NR1)
+y3(2S¯L3NR3 − S¯L1NR2 − S¯L2NR1)]ρ
+βNS[y1(S¯L2NR3 − S¯L3NR2) + y2(S¯L3NR1 − S¯L1NR3) + y3(S¯L1NR2 − S¯L2NR1)]ρ
+H.c., (9)
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where first and second term in the first line correspond to symmetric and anti-symmetric
product for S¯LNR making 3 representation of A4 and αNS, βNS are free parameters. Using
〈ρ〉 = vρ/
√
2, the resulting mass matrix is found to be,
MRS =
vρ√
2
αNS
3
 2y1 −y3 −y2−y3 2y2 −y1
−y2 −y1 2y3
+ βNS
 0 y3 −y2−y3 0 y1
y2 −y1 0

 . (10)
It should be noted that αNS 6= βNS, otherwise the matrix MRS becomes singular, which
eventually spoils the intent of linear seesaw. The masses for the heavy fermions can be
found in the basis (NR, SL)
T , which can be written as
MHf =
(
0 MRS
MTRS 0
)
. (11)
Therefore, one can have six double degenerate mass eigenstates for the heavy fermions upon
diagonalization.
D. Linear Seesaw mechanism for light neutrino Masses
Within the present model invoked with A4 modular symmetry the complete 9×9 neutral
fermion mass matrix for linear seesaw mechanism in the flavor basis of (νL, NR, S
c
L)
T is given
by
M =

νL NR S
c
L
νL 0 MD MLS
NR M
T
D 0 MRS
ScL M
T
LS M
T
RS 0
 . (12)
The linear seesaw mass formula for light neutrinos is given with the assumption MRS 
MD,MLS,
mν = MDM
−1
RSM
T
LS + transpose. (13)
Apart from the small neutrino masses, other relevant parameters in the neutrino sector are
Jarlskog invariant and the effective neutrino mass which plays a key role in neutrinoless
double beta decay can be computed from the mixing angles and phases of PMNS matrix
elements as following:
JCP = Im[Ue1Uµ2U
∗
e2U
∗
µ1] = s23c23s12c12s13c
2
13 sin δCP , (14)
〈mee〉 = |mν1 cos2 θ12 cos2 θ13 +mν2 sin2 θ12 cos2 θ13eiα21 +mν3 sin2 θ13ei(α31−2δCP )|. (15)
The effective Majorana mass parameter 〈mee〉 is expected to be measured by KamLAND-Zen
experiment in coming future [61].
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III. NUMERICAL ANALYSIS
For numerical analysis we have considered the neutrino experimental data at 3σ inter-
val [62] as follows:
NO : ∆m2atm = [2.431, 2.622]× 10−3 eV2, ∆m2sol = [6.79, 8.01]× 10−5 eV2, (16)
sin2 θ13 = [0.02044, 0.02437], sin
2 θ23 = [0.428, 0.624], sin
2 θ12 = [0.275, 0.350].
(17)
Here, we numerically diagonalize the neutrino mass matrix 13 through the relation U †MU =
diag(m21,m
2
2,m
2
3), where M = mνm†ν and U is an unitary matrix, from which the neutrino
mixing angles can be extracted using the standard relations:
sin2 θ13 = |U13|2, sin2 θ12 = |U12|
2
1− |U13|2 , sin
2 θ23 =
|U23|2
1− |U13|2 . (18)
To fit to the current neutrino oscillation data, we chose the following ranges for the model
parameters:
Re[τ ] ∈ [1, 2], Im[τ ] ∈ [1, 2], {αD, βD, γD} ∈ 10−5 [0.1, 1.0], {α′D, β′D, γ′D} ∈ 10−2 [0.1, 1.0],
αNS ∈ [0, 0.05], βNS ∈ [0, 0.01], vρ ∈ [10, 100] TeV, Λ ∈ [100, 1000] TeV.
The input parameters are randomly scanned over the above mentioned ranges and the
allowed regions for those are initially filtered by the observed 3σ limit of solar and atmo-
spheric mass squared differences and further constrained by the observed sum of active
neutrino masses [7]. The typical range of modulus τ is found to be 1 . Re[τ ] . 2 and 1
. Im[τ ] . 2 for normally ordered neutrino masses. Thus, the modular Yukawa couplings as
function of τ (Eq. (52) in Appendix) are found to vary in the region 0.99 . y1(τ) . 1, 0.1
. y2(τ) . 0.8 and 0.01 . y3(τ) . 0.3. The variation of those Yukawa couplings with the
real and imaginary parts of τ are represented in the left and right panels of Fig. 1 respec-
tively. Variation of the mixing angles with the sum of total neutrino masses are obtained
with a suitable 3σ region as shown in Fig. 2. In Fig. 3, we show the value of Jarsklog CP
invariant allowed by the neutrino data, which is found to be of the order of O(10−2), and
its correlation with the reactor mixing angle is explored in the left panel. The right panel of
Fig. 3, signifies the full parameter space for Yukawa couplings as per the observed sum of
active neutrino masses. In Fig. 4, we have displayed a correlation of the Yukawa couplings
y1 with y2 and y2 with y3 in the left and right panels respectively. The effective neutrinoless
double beta decay mass parameter is found to have a maximum value of 0.06 eV from the
variation of observed sum of active neutrino masses, which is presented in the left panel of
Fig. 5. The right panel represents the correlation between heavy fermion masses M2 and
M3.
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FIG. 1: Left and right panel signify the correlation of the modular Yukawa couplings (y1, y2, y3)
with the real and imaginary parts of modulus τ respectively.
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FIG. 2: Top Left (Right) panel represents the correlation between sin2 θ13 (sin
2 θ12) with the sum
of active neutrino masses and the bottom panel displays the correlation of sin2 θ23 with the same.
Comment on non-unitarity
Here, we briefly comment on non-unitarity of neutrino mixing matrix U ′PMNS in the pres-
ence of heavy fermions. The standard parametrization for the deviation from unitarity in a
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FIG. 3: Left panel displays the correlation of Jarsklog invariant with the reactor mixing angle and
right panel reflects the variation of modular Yukawa couplings with the sum of active neutrino
masses and .
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FIG. 4: Left (Right) panel displays the correlation between y1 and y2 (y2 and y3).
small scale can be expressed as following [63]
U ′PMNS ≡
(
1− 1
2
FF †
)
UPMNS. (19)
Here, UPMNS is the PMNS mixing matrix which diagonalises the mass matrix of the three
light neutrinos and F is the mixing of active neutrinos with the heavy fermions and approxi-
mated as F ≡ (MTNS)−1MD ≈ αDvαNSvρ , which is a hermitian matrix. The global constraints on
the non-unitarity parameters [64–66], are found via several experimental results such as the
W boson mass MW , the Weinberg angle θW , several ratios of fermionic Z boson as well as
its invisible decay, electroweak universality, CKM unitarity bounds, and lepton flavor viola-
tions. In our model framework, we consider the following approximated normalized order for
the Dirac, pseudo-Dirac and heavy masses to correctly generate the observed mass-squared
10
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FIG. 5: Left panel shows the correlation of effective neutrino mass of neutrinoless double beta
decay with the sum of active neutrino masses and right panel represents a correlation between the
heavy fermion masses.
differences as well as the sum of active neutrino masses of desired order.( mν
0.1 eV
)
≈
(
MD
10−3 GeV
)(
MRS
103 GeV
)−1(
MLS
10−4 GeV
)
. (20)
Therefore, with the chosen order masses, we obtain an approximated non-unitary mixing
for the present model as
|FF †| ≤
 4.5× 10−13 2.3× 10−13 6.2× 10−132.3× 10−13 2.08× 10−12 4.5× 10−12
6.2× 10−13 4.5× 10−12 5.6× 10−12
 . (21)
Since, the mixing between the active and heavy fermions in our model is found to be very
small, it leads to a negligible contribution to the non-unitarity.
IV. LEPTOGENESIS
Leptogenesis has proven to be one of the most preferred way to generate the observed
baryon asymmetry of the Universe. The standard scenario of resonant enhancement in CP
asymmetry has brought down the scale as low as TeV [67–70]. The present model includes
six heavy states with doubly degenerate masses for each pair Eq.(11). But one can introduce
a higher dimension mass term for the Majorana fermion (NR), which leads to a small mass
splitting between the heavy fermions, there by enhancing the CP asymmetry to generate
required lepton asymmetry [71, 72].
LM = −αRY N cRNR
ρ2
Λ
+ H.c. (22)
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Therefore, one can construct the right-handed Majorana mass matrix as follows
MR =
αRv
2
ρ
6Λ
2y1 −y3 −y2−y3 2y2 −y1
−y2 −y1 2y3
 . (23)
The coupling αR is chosen to be extremely small to retain the linear seesaw structure of
the mass matrix (12), i.e., MD,MLS  MR and such inclusion does not affect the previous
results. However, this term introduces a small mass splitting and the 2 × 2 submatrix of
(12) in the (NR, SL) basis, now can be written as
M =
(
0 MRS
MTRS MR
)
. (24)
This matrix can have a block diagonal structure by the unitary matrix 1√
2
(
I −I
I I
)
as
M ′ =
(
MRS +
MR
2
−MR
2
−MR
2
−MRS + MR2
)
≈
(
MRS +
MR
2
0
0 −MRS + MR2
)
. (25)
Therefore the mass eigenstates (N±) are related to NR and SL through(
SLi
NRi
)
=
(
cos θ − sin θ
sin θ cos θ
)(
N+i
N−i
)
. (26)
Assuming a maximal mixing, we can have
NRi =
(N+i +N
−
i )√
2
, SLi =
(N+i −N−i )√
2
. (27)
Henceforth, the interaction Lagrangian in Eq.(5) can be modified and written in the new
basis. The mass eigenvalues for the new states N+ and N− can be obtained by diagonalizing
the block diagonal form of heavy fermion masses MR
2
+ MRS and
MR
2
−MRS. The Dirac
terms are now modified as
LD = αDLeLH˜
[
Y
(
(N+i +N
−
i )√
2
)]
1
+ βDLµLH˜
[
Y
(
(N+i +N
−
i )√
2
)]
1′
+γDLτLH˜
[
Y
(
(N+i +N
−
i )√
2
)]
1′′
. (28)
Analogously, the pseudo-Dirac interaction term (7) becomes
LLS = α′DLeLH˜
[
Y
(
(N+i −N−i )√
2
)]
1
ρ3
Λ3
+ β′DLµLH˜
[
Y
(
(N+i −N−i )√
2
)]
1′
ρ3
Λ3
+γ′DLτLH˜
[
Y
(
(N+i −N−i )√
2
)]
1′′
ρ3
Λ3
. (29)
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Thus, the block-diagonal matrix for the heavy fermions can be written as following
MRS ± MR
2
=
(
αNSvρ√
2
± αRv
2
ρ
4Λ
)2y1 −y3 −y2−y3 2y2 −y1
−y2 −y1 2y3
+ βNSvρ√
2
 0 y3 −y2−y3 0 y1
y2 −y1 0
 . (30)
The above matrix can be rotated to a mass eigen basis through (M±)Diag =
UTBMUR
(
MRS ± MR2
)
UTRU
T
TBM, with mass eigenvalues
M±1 ≈
1
6
(
αNSvρ√
2
± αRv
2
ρ
4Λ
)(
y1 + 2y2 −
√
9y21 + 12y1y2 + 12y
2
2
)
, (31)
M±2 ≈
1
3
(
αNSvρ√
2
± αRv
2
ρ
4Λ
)
(y1 + 2y2) , (32)
M±3 ≈
1
6
(
αNSvρ√
2
± αRv
2
ρ
4Λ
)(
y1 + 2y2 +
√
9y21 + 12y1y2 + 12y
2
2
)
, (33)
where, UTBM is the tribimaximal mixing matrix [73, 74] and
UR ≈

B− 1√
X−
0
0 0 1
B+
1√
X+
0
 , (34)
with
B± = −y1 + 2y2 ±
√
9y21 − 12y1y2 + 12y22
2
√
2(y1 − y2)
, and X± =
√
1 +B2± . (35)
Upon diagonalization, we get three sets of nearly degenerate mass states. We further assume
that the lightest pair with TeV scale masses dominantly contribute to the CP asymmetry.
The small mass splitting between the lightest states implies the contribution from one loop
self energy of heavy particle decay dominates over the vertex diagram. The expression for
CP asymmetry is given by [67, 75]
N−i =
Γ(N−i → `H)− Γ(N−i → ¯`H¯)
Γ(N−i → `H) + Γ(N−i → ¯`H¯)
≈ 1
32pi2AN−i
Im
(M˜D
v
− M˜LS
v
)†(
M˜D
v
+
M˜LS
v
)2(
M˜D
v
− M˜LS
v
)†
ii
rN
r2N + 4A
2
N−i
.
(36)
Here, M˜D = MDUTBMUR and M˜LS = MLSUTBMUR and ∆M = M
+
i −M−i ≈ MR. The
parameters rN and AN− can be expressed as following
rN =
(M+i )
2 − (M−i )2
M+i M
−
i
=
∆M(M+i +M
−
i )
M+i M
−
i
,
AN− ≈ 1
16pi
[(
M˜D
v
− M˜LS
v
)(
M˜D
v
+
M˜LS
v
)]
ii
. (37)
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|y1| |y2| mν CP ∆M
1 0.5 0.07 9.5× 10−6 5.3× 10−4
0.99 0.6 0.03 3.6× 10−7 3× 10−3
TABLE III: Sample benchmarks for the model parameters those satisfy both neutrino mass and
required CP asymmetry.
Left (middle) panel of Fig. 6 denotes the variation of CP asymmetry with the magnitude
(argument) of the Yukawa coupling. Right panel projects its behavior with rN . In Table.
III, we provide benchmarks that satisfy both neutrino mass and required CP asymmetry for
Leptogenesis [76, 77] (to be discussed in the next subsection).
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FIG. 6: Left and middle panels represent the variation of CP asymmetry with the magnitude and
argument of Yukawa coupling respectively. Right panel shows its dependence with parameter rN .
A. Boltzmann Equations
The evolution of lepton asymmetry can be deduced from the dynamics of relevant Boltz-
mann equations. Sakharov criteria [78] demands the decay of parent fermion to be out of
equilibrium to generate the lepton asymmetry. To impose this condition, one has to compare
the Hubble rate with the decay rate as follows.
KN−i =
ΓN−i
H(T = M−i )
. (38)
Here, H =
1.67
√
g? T 2
MPl
, with g? = 106.75, MPl = 1.22 × 1019 GeV. Coupling strength below
10−7 gives KN− ∼ 1, which guarantees inverse decay does not come into thermal equilibrium.
The Boltzmann equations for the evolution of the number densities of right-handed fermion
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FIG. 7: Evolution of YN and YL as a function of z = MN−/T .
and lepton, written in terms of yield parameter (ratio of number density to entropy density)
are given by [50, 77, 79–82]
dYN−
dz
= − z
sH(MN−)
[(
YN−
Y eqN−
− 1
)
γD +
((
YN−
Y eqN−
)2
− 1
)
γS
]
, (39)
dYL
dz
= − z
sH(MN−)
[
2
YL
Y eq`
γNs − N−
(
YN−
Y eqN−
− 1
)
γD
]
, (40)
where s denotes the entropy density, z = M−i /T , YL = Y` − Y` and the equilibrium number
densities are given by [76]
Y eqN− =
45gN−
4pi4g?
z2K2(z), Y
eq
` =
3
4
45ζ(3)g`
2pi4g?
. (41)
Here, K1,2 denote modified Bessel functions, g` = 2 and gN− = 2 denote the degrees of
freedom of lepton and right-handed fermions respectively. The decay rate γD is given by
γD = sY
eq
N−ΓN−
K1(z)
K2(z)
. (42)
γS denotes the scattering rate of the decaying fermion i.e., N
−N− → ρρ [82] and γNs is the
scattering rate of `H → `H s-channel process. The subtlety of asymmetry getting produced
even when N− is in thermal equilibrium can be avoided by subtracting the on-shell N−
exchange contribution (γD
4
) from the total rate γNs, given by γ
sub
Ns = γNs − γD4 [80].
The solution of Boltzmann eqns (39) and 40) is projected in Fig. 7. Once the out-of-
equilibrium criteria is satisfied, the decay proceeds slow (over abundance) and the inverse
decay never comes into thermal equilibrium. Thus, YN− (red curve) does not trace Y
eq
N−
(black curve) and the lepton asymmetry (blue curve) is generated. The obtained lepton
15
asymmetry gets converted to the observed baryon asymmetry through sphaleron transition,
given by [79]
YB = −
(
8Nf + 4NH
22Nf + 13NH
)
YL. (43)
Here, Nf denotes the number of fermion generations and NH is the number of Higgs doublets.
The observed baryon asymmetry is quantified in terms of baryon to photon ratio [7]
η =
ηb − ηb¯
ηγ
= 6.08× 10−10. (44)
Based on the relation YB = (7.04)
−1η, the current bound on baryon asymmetry is YB ∼
8.6×10−11. Taking the asymptotic value (3×10−10) of YL from Fig. 7 , the obtained baryon
asymmetry is YB = −2879 YL ∼ 10−11.
V. CONCLUSION
We investigated a modular form of A4 flavor symmetry that reduces the complications of
accommodating multiple flavons. The present model includes three right-handed and three
left-handed heavy neutrinos to explore the neutrino phenomenology within the framework
of linear seesaw. The singlet scalar played a vital role in spontaneous breaking of U(1)X
global symmetry and provided masses to the heavy fermions. We have considered the
Yukawa couplings to transform non-trivially under modular A4 group, which replaces the
role of conventional flavon fields. This leads to a specific flavor structure of the neutrino
mass matrix and helps in studying the neutrino mixing. We numerically diagonalized the
neutrino mass matrix to obtain an allowed region for the model parameters compatible with
the current 3σ limit of oscillation data. The flavor structure of heavy fermions gives rise to
six doubly degenerate mass eigenstates and hence to explain leptogenesis, we introduced a
higher dimension mass term for the right-handed neutrinos to generate a small mass splitting.
We obtained a nonzero CP asymmetry from the decay of lightest heavy fermion and the self
energy contribution is partially enhanced due to the small mass difference between the two
lighter heavy fermions. The coupled Boltzmann equations are solved to obtain the evolution
of lepton asymmetry, which comes out to be order of ≈ 10−10, which is sufficient to explain
the present baryon asymmetry of the Universe.
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Appendix
Γ¯ is the modular group which attains a linear fractional transformation γ which acts on
modulus τ linked to the upper-half complex plane whose transformation is given by
τ −→ γτ = aτ + b
cτ + d
, where a, b, c, d ∈ Z and ad− bc = 1, Im[τ ] > 0 , (45)
where it is isomorphic to the transformationPSL(2,Z) = SL(2,Z)/{I,−I}. The S and T
transformation helps in generating the modular transformation defined by
S : τ −→ −1
τ
, T : τ −→ τ + 1 , (46)
and hence the algebric relations so satisfied are as follows,
S2 = I , (ST )3 = I . (47)
Here, series of groups are introduced, Γ(N) (N = 1, 2, 3, . . . ) and defined as
Γ(N) =
{(
a b
c d
)
∈ SL(2,Z) ,
(
a b
c d
)
=
(
1 0
0 1
)
(modN)
}
. (48)
Definition of Γ¯(2) ≡ Γ(2)/{I,−I} for N = 2. Since −I is not associated with Γ(N) for
N > 2 case, one can have Γ¯(N) = Γ(N), which are infinite normal subgroup of Γ¯ known
as principal congruence subgroups. Quotient groups come from the finite modular group
defined as ΓN ≡ Γ¯/Γ¯(N). Imposition of TN = I, is done for these finite groups ΓN . Thus,
the groups ΓN (N = 2, 3, 4, 5) are isomorphic to S3, A4, S4 and A5, respectively [83]. N level
modular forms are holomorphic functions f(τ) which are transformed under the influence
of Γ(N) as follows:
f(γτ) = (cτ + d)kf(τ) , γ ∈ Γ(N) , (49)
where k is the modular weight.
Here the discussion is all about the modular symmetric theory without applying super-
symmetry explicitly. This paper comprises of A4 (N = 3) modular group. A field φ
(I)
transforms under the modular transformation of Eq.(45), as
φ(I) → (cτ + d)−kIρ(I)(γ)φ(I), (50)
where −kI represents the modular weight and ρ(I)(γ) signifies an unitary representation
matrix of γ ∈ Γ(2).
The scalar fields′ kinetic term is as follows∑
I
|∂µφ(I)|2
(−iτ + iτ¯)kI , (51)
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which doesn’t change under the modular transformation and eventually the overall factor
is absorbed by the field redefinition. Thus, the Lagrangian should be invariant under the
modular symmetry.
The modular forms of the Yukawa coupling Y = (y1, y2, y3) with weight 2, which trans-
forms as a triplet of A4 can be expressed in terms of Dedekind eta-function η(τ) and its
derivative [30]:
y1(τ) =
i
2pi
(
η′(τ/3)
η(τ/3)
+
η′((τ + 1)/3)
η((τ + 1)/3)
+
η′((τ + 2)/3)
η((τ + 2)/3)
− 27η
′(3τ)
η(3τ)
)
,
y2(τ) =
−i
pi
(
η′(τ/3)
η(τ/3)
+ ω2
η′((τ + 1)/3)
η((τ + 1)/3)
+ ω
η′((τ + 2)/3)
η((τ + 2)/3)
)
, (52)
y3(τ) =
−i
pi
(
η′(τ/3)
η(τ/3)
+ ω
η′((τ + 1)/3)
η((τ + 1)/3)
+ ω2
η′((τ + 2)/3)
η((τ + 2)/3)
)
.
It is interesting to note that the couplings those are defined as singlet under A4 start from
−k = 4 while they are zero if −k = 2.
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